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ABSTRACT: Colliding branes without Z5 symmetry and the formation of spacetime singu-
larities in string theory are studied. After developing the general formulas to describe such
events, we study a particular class of exact solutions first in the 5-dimensional effective
theory, and then lift it to the 10-dimensional spacetime. In general, the 5-dimensional
spacetime is singular, due to the mutual focus of the two colliding 3-branes. Non-singular
cases also exist, but with the price that both of the colliding branes violate all the three
energy conditions, weak, dominant, and strong. After lifted to 10 dimensions, we find
that the spacetime remains singular, whenever it is singular in the 5-dimensional effective
theory. In the cases where no singularities are formed after the collision, we find that the
two 8-branes necessarily violate all the energy conditions.
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1 Introduction

Branes in string/M-Theory are fundamental constituents [1], and of particular relevance to

cosmology [2, 3]. These substances can move freely in the bulk, collide, recoil, reconnect,



and whereby, among other possibilities, form a brane gas in the early universe [4], or create
an ekpyrotic/cyclic universe [5]. Understanding these processes is fundamental to both
string/M-Theory and their applications to cosmology [6].

Recently, Maeda and his collaborators numerically studied the collision of two branes
in a five-dimensional bulk, and found that the formation of a spacelike singularity after
the collision is generic [7] (See also [8]). This is an important result, as it implies that
a low-energy description of colliding branes breaks down at some point, and a complete
predictability is lost, without the complete theory of quantum gravity. Similar conclusions
were obtained from the studies of two colliding orbifold branes [9]. However, lately it was
argued that, from the point of view of the higher dimensional spacetime where the low effec-
tive action was derived, these singularities are very mild and can be easily regularised [10].

Lately, we constructed a class of exact solutions with two free parameters to the
five-dimensional Einstein field equations, which represents the collision of two timelike 3-
branes [11]. We found that, among other things, spacelike singularities generically develop
after the collision, due to the mutual focus of the two branes. Non-singular spacetimes can
be constructed only in the case where both of the two branes violate the energy conditions.

In this paper, we shall systematically study the collision of two timelike 8-branes
without Zs symmetry in the framework of string theory. In particular, in section 2, starting
with the Neveu-Schwarz/Neveu-Schwarz (NS-NS) sector in (D+d) dimensions, Mp g =
Mp x My, we first obtain the D-dimensional effective theory in both the string frame and
the Einstein frame, by toroidal compactification. To study the collision of two branes, we
add brane actions to the D-dimensional effective action, and then derive the gravitational
and matter field equations, including the ones on the two branes. In section 3, we apply
these general formulas to the case where D = 5 = d for a large class of spacetimes, and
obtain the explicit field equations both outside the two branes and on the two branes.
In section 4, we construct a class of exact solutions in the Einstein frame, in which the
potential of the radion field on the two branes takes an exponential form, while the matter
fields on the two branes are dust fluids. After identifying spacetime singularities both
outside and on the branes, we are able to draw the corresponding Penrose diagrams for
various cases. In sections 5, we study the local and global properties of these solutions in
the 5-dimensional string frame, while in section 6 we first lift the solutions to 10 dimensions,
and then study the local and global properties of these 10-dimensional solutions in detail.
In section 7, we derive our main conclusions and present some remarks. There is also an
appendix, in which we study a class of 10-dimensional spacetimes. In particular, we divide
the Einstein tensor explicitly into three parts, one on each side of a colliding brane, and
the other is on the brane. It is remarkable that the part on the brane can be written in
the form of an anisotropic fluid.

2 The model

Let us consider the toroidal compactification of the NS-NS sector of the action in (D+d)
dimensions, MD—f—d = Mp x My, where for string theory we have D 4+ d = 10. Then, the



action takes the form [12],

1 - A L AB (S &) (& ) Lo
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where in this paper we consider the (D+d)-dimensional spacetimes described by the metric,
dsh,q = Gapdrtda® =~y (2°) da®dab + ¢ (2°) Yij <zk) dz'dz7, (2.2)

with 7, (2€) and QAS(QJC) depending only on the coordinates z of the spacetime Mp, and
Yij (zk) only on the internal coordinates zF, where a,b,¢c = 0,1,2,...,D —1; i,j. k =
D,D+1,....D4+d—1;and A,B,C =0,1,2,...,D+d— 1. Assuming that matter fields
are all independent of z¥, one finds that the internal space My must be Ricci flat,

R[4 = 0. (2.3)

For the purpose of the current work, it is sufficient to assume that My is a d—dimensional
torus, T% = S' x S' x ... x S*. Then, we find that

Rpialgl = Ry + %yab (va¢3) (vba)) - %yab (vavbg&d> . (2.4)

Ignoring the dilaton ® and the form fields H,

d=0=4H, (2.5)

we find that the integration of the action (2.1) over the internal space yields,

Sp = —% /de\/méd {RD [v] + %’wb <v“$> (vbé) }’ (2:6)

where
2 _ ’f%)-i-d
Kp = T (2.7)
and Vj is defined as
Vs E/ﬂddz. (2.8)

d
For a string scale compactification, we have Vg = <27T\/ o/) , where (2ma/) is the inverse
string tension.
After the conformal transformation,
~_2d

Gab = ®P=2Yap, (2'9)

the D-dimensional effective action of eq. (2.6) can be cast in the minimally coupled form,

$ _ —% [ e Tanl { B la] ~ i (9017}, (2.10)



where

6=+ <%7:22))d>1/2 In <¢> . (2.11)

The action of eq. (2.6) is usually referred to as the string frame, and the one of eq. (2.10)
as the Finstein frame. It should be noted that solutions related by this conformal transfor-
mation can have completely different physical and geometrical properties in the two frames.
In particular, in one frame a solution can be singular, while in the other it can be totally
free from any kind of singularities. A simple example is the flat FRW universe which is
always conformally flat, v,5 = a®(7)na. But the spacetime described by 7,5 usually has a
big bang singularity, while the one described by 7,5 is Minkowski, and does not have any
kind of spacetime singularities.

To study the collision of two branes, we add the following brane actions to SE)E)

of eq. (2.10),
S50 = [y o] (€520 ) - viRu@) a7 teo, (212
D—1

where I = 1,2, Vl()lzl((ﬁ) denotes the potential of the scalar field ¢ on the I-th brane, and
£Z)7S are the intrinsic coordinates of the I-th brane, where p, v, A =0,1,2,...,D — 2.

L'%n;? (v) is the Lagrangian density of matter fields located on the I-th brane, denoted

collectively by . It should be noted that the above action does not include kinetic terms
of the scalar field on the branes. This setup is quite similar to the Horava-Witten heterotic
M-Theory on S'/Z, [9, 13, 14], in which the two potentials V4(1)(<;5) and V4(2)(<;5) have
opposite signs. It is also similar to the modulus stabilization mechanism of Goldberger and
Wise [15], which has been lately applied to orbifold branes in string theory [16]. The two
branes are localized on the surfaces,

Oy (2%) =0, (2.13)
or equivalently
2% = 20 <§é§)) . (2.14)
ggzl denotes the determinant of the reduced metric g,(fy) of the I-th brane, defined as
1
g;(fy) = gabegﬂ)) egy) M(I) 9 (215)
D—1
where
(a_ 02°
L) = oe” (2.16)
RNV
Then, the total action is given by,
2
E E E,I
Sto =5 + 2S5 (2.17)
=1



Variation of the total action (2.17) with respect to gq yields the D-dimensional gravi-

tational field equations,

2
1 14
Ray— 5 Ry = Kh | 5+ <TASTJ)+9;(L9V1()Q1(¢)) eI e{T) (218)
I=1
where
1
T3 = VadVid = S9a (V6)’,
Ly
m,I) __ D—1 1) p(m,I)
TISV ) = 259(]) v - ;(u/)[’D—l ) (219)

and V, (VEP) denotes the covariant derivative with respect to gu (g,(fy))

Variation of the total action with respect to ¢, on the other hand, yields the Klein-

Gordon field equations,

2 (I ()
IVp 1(#) ||9p-
O¢ = — Dl D=L 5 (@), 2.20
o= L =5[] fen (220)
where 00 = ¢**V,V,;. We also have
v — g, (2.21)

Since we are mainly interested in collision of branes in string theory, in the rest of this
paper we shall set D =5 = d.

3 Colliding timelike 3-branes in the Einstein frame
We consider the 5-dimensional spacetime in the Einstein frame described by the metric,
dsg = gupdatda’ = 27 (ty) (dt2 — dy2) — eQw(t’y)dzg, (3.1)

where dE% = (de)Q + (dac?’)2 + (dx4)2, and z° = ¢, ' = y. Then, the non-vanishing
components of the Ricci tensor is given by

Ry =—{B8wu+ou+3ws(we—04) =04y —3wyo,y}, (3.2)
Ry = —3{w iy +wiwy — w0y —wyo}, (3.3)
Ryy = —{3wyy + 0y +3wy (wy —0y) =04 —3wio}, (3.4)
R;; = 5ij62(“_(’) {wae + 3w? — (wyy + 3w7y2)} , (3.5)

where now i, j =2,3,4, and w; = dw/0t, etc.
We assume that the two colliding 3-branes move along the hypersurfaces given, respec-
tively, by
Qy(t,y) =t —ay =0,
Do(t,y) = t+by =0, (3.6)



=y

Figure 1. The five-dimensional spacetime in the (¢, y)-plane for a > 1, b > 1. The two 3-branes
are moving along the hypersurfaces, ¥; and Yo, which are defined by eq. (3.10) in the text. The
four regions, I — IV, are defined by eq. (3.8).

where a and b are two arbitrary constants, subjected to the constraints,
a?>1, b2>1, (3.7)

in order for the two hypersurfaces to be timelike. The two colliding branes divide the whole

spacetime into four regions, I — I'V, which are defined, respectively, as

Region I = {z%: ®; < 0, &3 < 0},
Region II = {z%: &1 > 0, &3 < 0},
Region IIT = {z% : &1 < 0, &3 > 0},
Region IV = {2%: &, > 0, &3 > 0}, (3.8)

as shown schematically in figure 1. In each of these regions, we define

P = F(tvy)’Region A (3.9)
where now A=1, II, III, IV.
We also define the two hypersurfaces »; and X as,
¥ = {z%: &, =0},
Yo ={z%: &3 =0}. (3.10)

Then, it can be shown that the normal vectors to each of these two surfaces are given by

ne = N (6% — ad?)
lo = L (0, 4 b6Y), (3.11)



where

F(I) = F(tay)’CI)]:(h

oV

(a2 — 1)1/

2)

=
I

e"(

. (b2 — 1)/

(3.12)

with F' = {0, w, ¢}. We also introduce the two timelike vectors u, and v, via the relations,

u, = N (ad), — %) ,
vy = L (b8, +6Y) . (3.13)

It can be shown that these vectors have the following properties,

ngn® = —1 =1,1%,
uau® = +1 = v v,
nqou® = 0 = [v". (3.14)

In the following, we shall consider field equations, (2.18) and (2.20), in Regions I — IV
and along the hypersurfaces X1 2, separately.
It should be noted that in the above setup, the two 3-branes do not have the Zs

symmetry, in contrast to the setup of Horava-Witten in M theory [9, 13] and of Randall-
Sundrum [17].

3.1 Field equations in regions [ — [V
In these regions, the field equations of eqgs. (2.18) and (2.20) take the form,

R, = oot (3.15)
OWeA = o, (3.16)

where ¢ = k5¢, and O = ¢4 “ngA)VI()A), and ng) denotes the covariant derivative with

respect to gfb, and gfb is the metric defined in Region A. From eq. (3.5) and the fact that
© = @(t,y), we find that

w= S (f(t+y) 9l -)). (3.17)

where f (t +y) and g (t — y) are arbitrary functions of their indicated arguments. Note that
in writing eq. (3.17) we dropped the super indices A. In the following we shall adopt this
convention, except for the case where confusions may raise. In the following we consider
only the case where

f'd #0, (3.18)
where a prime denotes the ordinary derivative with respect to the indicated argument.
Then, introducing two new variables £1 via the relations,

Ex(t,y)=ft+y) tg(t—y), (3.19)



we find that eq. (3.15) yields,

1

My =56+ (pr?+9-2), (3.20)
M_ = &rprp-, (3.21)

and L
My —M__=—5 (P12 —9-2), (3.22)

where My = OM /0y, and
1 1 /)

M(§+,§_):J+§ln§+—§ln(4fg). (3.23)

On the other hand, eq. (3.16) can be cast in the form,
1
Prtr — P+ = 0. (3.24)
Er

It should be noted that egs. (3.20)—(3.22) and (3.24) are not all independent. In fact,
eq. (3.22) is the integrability condition of egs. (3.20) and (3.21), and can be obtained from
egs. (3.20), (3.21) and (3.24). Therefore, in Regions I — IV, the field equations reduce to
egs. (3.20), (3.21) and (3.24).

To find solutions, one may first integrate eq. (3.24) to find ¢, and then integrate
egs. (3.20) and (3.21) to find M. However, eq. (3.24) has infinite numbers of solutions, and
the corresponding general solutions of M has not been worked out yet [18]. Once ¢ and

M are known, the metric coefficients o and w are then given by
1 1 y
o= M—gln(f+g)+§ln(4fg),

wz%ln(f—i—g). (3.25)

3.2 Field equations on the 3-branes
3.2.1 Field equations on the surface ¢; =0

Across the hypersurface ®; = 0, for any given C° function F(t,y), it can be written as [19],
F(t,y) = F"(t,y)H (®1) + F~(t,y) [1 - H (®1)], (3:26)

where F'* (F~) denotes the function F(¢,y) defined in the region ®; > 0 (®; < 0), and
H(x) denotes the heaviside function, defined as

1, z >0,
H(x) = {O 2 <0 (3.27)

On the other hand, projecting F, onto the n, and u, directions, we find

F o, = Fyu, — Fyng, (3.28)



where

F,=u"F,, F,=n"F,. (3.29)
Since [Fy,]” = 0 due to the continuity of F' across the branes, from the above expressions
we find
[F,a]i = - [Fn]i Na, (3.30)
where
[F,]” = lim F{— lim F (3.31)
d,—0* @ H1—0— @
Then, we find that
Fy = FH(®))+ ,t[ — H (®1)],
Fy=FLH(®)+F,[1-H(®),
Ftt—FttH(‘Pl)JrF [1—H(21)] - N[ | 0(®1),
Fty—F H (®1) + Fy [1 = H (®1)] + aN [F]” 6 (P1),
Fyy = Fl H (®1) +F, [1 = H(®1)] - a2N [Fa]™ 6 (1), (3.32)

where § (®1) denotes the Dirac delta function. Then, we find that the Ricci tensor given
by egs. (3.2)—(3.5) can be cast in the form,

Rap = R, H (®1) + Ry, [1 = H (®1)] + RIS (D1), (3.33)

where RY, (R7,) is the Ricci tensor calculated in the region ®; > 0 (®; < 0), and R
denotes the Ricci tensor calculated on the hypersurface ®; = 0, which has the following

non-vanishing components,

R = N{3[w,]” — (a* = 1) [0s] "},

ngy” = —3aN |wy] ™,

RZZ =N {3(1 wn]” (a2 — 1) },

R = Ne 2(wM o) (a® = 1) [wa] ™ 6y (3.34)

On the hypersurface ®; = 0, the metric (3.1) reduces to
ds3|g _o = gf})dg A€ty = dr? — a%(r)dx2,

where ¢ (1) = {7’, 2, a3, :U4}, and

Q
3
Il
™
3
7N
IS
o
ol |
—_
N—
gy
Q
=
QU
S

= (3.35)

S
S
—~
\]
~—
Il



with ¢, = £1. Then, we find that

Ma_ 02" (o 1
€ 5 = t (515 + a6y> ,

JMa _ 028 o
@ = pe i
()
(1)
Ja_| _ 20 (3.36)
gs

where i = 2, 3, 4 and £ = dt/dr. Then, the field equations of eq. (2.18) can be written as

2 —o
- _ _ hs€ (1) (1)
™ = S (o + V), (3.37)
T AN AU
2[wn]” + [on]” = I <v4 ~p ) , (3.38)

)

where in writing the above expressions we had assumed that T;(LT’l takes the form of a

perfect fluid,
7D = (o) +2f0) wu) - gl
w}(}) = J,. (3.39)

Similarly, it can be shown that the Klein-Gordon equation (2.20) and the conservation law
of the matter fields (2.21) on X; take, respectively, the forms,
)

[¢n]” = R ‘t% : (3.40)

0
dom | 3p, (pﬁ}) +p§})> — 0, (3.41)
dr

where H, = a,/ay,.

3.2.2 Field equations on the surface ¢ =0

Following a similar procedure as what we did in the last sub-section, one can show that
the Ricci tensor across the brane ®5 = 0 can be written as

Ry =RY, H (®2) + R, [1 — H(®2)] + R15 (D), (3.42)

where RY, (R,) now is the Ricci tensor calculated in the region @ > 0 (@5 <0),
and ngg denotes the Ricci tensor calculated on the hypersurface ®5 = 0, which has the
following non-vanishing components,

R = L{3[w] - (*—1)[o)] },

R = 3L [w] ™,

R = L{30% [w)]™ + (b° — 1) [o0] "},

R = L@ =7 (12 — 1) [w] ™ 6y, (3.43)

,10,



where w; = [w 4 etc. On the hypersurface ®3 = 0, the metric (3.1) reduces to

n

where 5(2) = {77, x2, z3, :U4}, and

2 1 1/2
dn = €, <bb—2> eU(Q)dt,

au(n) = e, (3.44)

with €, = +1. Then, we find that

egz)a = o =t <5f - L;“) )

7]) 877 b Y
efy * = (;%i =07,
S
(2)
9a_| _ 20 (3.45)
g5

where t* = dt/dn. Hence, the field equations of eq. (2.18) can be written as

2, —c?
- Kge

_ 2 (2)
[wi]™ = W (ﬂgn) +V ) ; (3.46)

Vi ), (3.47)

where in writing the above equations we had assumed that T,S:,n’z) takes the form,

T = (422 uP ufd - s 2,

m m v

2) _
w@ = o1, (3.48)
Similarly, it can be shown that the Klein-Gordon equation (2.20) and the conservation law
of the matter fields (2.21) on X9 take, respectively, the forms,

B —o(2) QV(Q)
(6] = - (b;_ G 5 ¢(¢), (3.49)

dpyy 2 4 (2
g+ 3y (pm +p2 ) — 0, (3.50)

N *
where H, = a}/a,.

— 11 —



4 Particular solutions for colliding timelike 3-branes in the Einstein
frame

Choosing the potentials V4(I)(¢) on the two branes as

I 1,0) —
Vil (g) = vVeoe, (4.1)
where V4(I’O)’s and « are constants, and that the matter fields on each of the two branes
are dust fluids, i.e.,

piy) =0, (4.2)
we find a class of solutions, which represents the collision of two timelike 3-branes and is
given by

1
o= <X2_§> ln(Xo—X)+00,

hl(Xo—X) + wo,

w =

¢ = —1In(Xg— X) + oo, (4.3)

o ool

where x = k5/(v20), Ao, 09, wy and ¢g are arbitrary constants, and

(a+b)t, 1V,

a(t+by), III,
X=b(t—ay)H (P1)+a(t+by) H(P2) = b((t—azy/; T (4.4)

0, I.

The constants a and b are given by

b 2 1) = 54
@=1=3e

1) =-54 4.5
a ( ) 3X2 + 1 ( )

When « = +00, the solutions reduce to the ones studied previously [11]. So, in the rest of
this paper we shall consider only the case where o # +00. Without loss of generality, we
can always set 09 = wyg = ¢g = 0, and assume that

Xo > 0. (4.6)

It can be shown that the field equations, egs. (3.15) and (3.16) [or egs. (3.20), (3.21)
and (3.24)], in Regions I — IV are satisfied identically for the above solutions. To study
the singular behavior of the spacetime in each of the four regions, we calculate the Ricci
scalar, which in the present case is given by

2
KkiB

__ .2 ab _
R = Rgg gb,agb,b — a2 (XO _ X)Q(X2+2/3)’

(4.7)

- 12 —



where X is given by eq. (4.4), and

(a+b)*, v,
—a? (b* —1), III
B= “2(2 ), I, (4.8)
—b%(a? —1), II,
0, 1.
On the 3-brane located on ®; = 0, the reduced metric takes the form,
ds3|s, = dr* — ai(1)d*%, (4.9)
where )
Ts — T)|33%+2 By > 0,
ay (1) = [Bl(/B )] 2 (4.10)
XO s Py < 0,
with
a-+b
¢2|q>1:0 = a t?
_ lala+d)| (5 2
B—(a2_1)1/2 X t3
2,2
o= pXC TS (4.11)

Note that in writing the above expressions, we had chosen e, = sign(a+b). From egs. (3.37)
and (3.38), on the other hand, we find that

1,0 __3
o0 = B N TC TR PR (4.12)
™ X — X(1) Xt Dy < 0,

where

bla®—1) (2
(1,00 — “\*" ) [ =2 2

XW(t) = (a+b)tH (D). (4.13)

From egs. (4.3) and (4.4) we also find that

1
11n X, Py < 0.
Similarly, on the 3-brane located on the hypersurface ®5 = 0, the reduced metric takes
the form,
ds3|y,, = d* — a3 (n)d’%, (4.15)
where )
— 3x2+2 , D > 0,
au(m) = § O (e =, o (4.16)
XO , (I)l < O,

,13,



with €, = sign(a + b), and

a+b
(I)1|<I>2:0 = b t?
_ bla+b)] (5 2
BTG 3)
2,2
ns = X0 . (4.17)

The field equations (3.46) and (3.47), on the other hand, yield

¢(2)(77) _ { mln [vy(ns —m)], ®1>0,

L1n X, d, <0,
(2,0) -3
(2 _ __Pm _ ) (s —m)] 3E, @1 >0, (4.18)
pm (2) —1 *
XO - X (t) XO s (1)1 < 0,
where
H20) = _a®?-1) (2 ~
m K2 3 ’
XP(t) = (a+b)tH (®y). (4.19)

It is interesting to note that when x? = 2/3, we have p,g,lb) =0, (I = 1,2), and the

two 3-branes are supported only by the tensions VAt(I)(¢)7 which are non-zero for any finite
value of « [Recall the conditions (3.7)]. It is also remarkable to note that the presence of
these two dust fluids is not essential to the singularity nature of the spacetime both in the
bulk and on the branes. So, in the following we shall study the case with x? = 2/3 together
with other cases.

To study the above solutions further, let us consider the following cases separately: (a)
a>1,b>1;(b) a>1,b<—-1;(c) a<—1,b>1;and (d) a< -1, b< —1.

41 a>1,b>1

In this case, from eq. (4.5) we find that
vil(e) >0, V() <o, (4.20)

while egs. (4.12) and (4.18) show that

(1) _ {207 X2S2/37

Pm <0, \2>2/3,°

<0, x2<2/3
@) — ] = XS L0 4.21
Pm {>0,X2>2/3, (4.21)

From eq. (4.7) we can also see that the spacetime is singular along the line X = (a + b)t
in Region IV, the line Xy = a(t + by) in Region 111, and the line Xy = b(t — ay) Region
11, as shown by figure 2.
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Figure 2. The five-dimensional spacetime in the (¢, y)-plane for a > 1, b > 1. The two 3-branes
are moving along the hypersurfaces, X1 : t —ay = 0 and X5 : t + by = 0. AB denotes the line
Xo = (a + b)t, AC the line Xy = b(t — ay), and BD the line Xo = a(t + by). The spacetime is
singular along these lines. The four regions, I — I'V, are defined by eq. (3.8).

Before the collision (t < 0), the scalar field is constant, ¢/) = ¢; = (1/a)In(Xy),
but both of the two potentials V4(1)(<;5) and V4(2)(<;5) are not zero, as are the dust energy
(I)

densities pWIL , except for x? = 2/3. In the case x? = 2/3, the dust fluids disappear and
the two branes are supported only by tensions, denoted by the two constant potentials
V;l(l)((bl) and Vf)(tbl), which have the opposite signs, and are quite similar to the case
of Randall-Sundrum (RS) branes [17], except for that in the RS model the two branes
have Zs symmetry, while here we do not have. Before the collision, the spacetime on the
two branes are flat, that is, the matter fields on the 3-brane do not curve the 3-branes.
However, it does curve the spacetime outside the 3-branes. This is quite similar to the
so-called self-tuning mechanism of brane worlds [20].

After the collision, the two 3-branes focus each other and finally a spacetime sin-
gularity is developed at, respectively, 7 = 75 and n = ns. The spacetime on the two
branes is homogeneous and isotropic, and is described, respectively, by egs. (4.9)—(4.10)
and eqgs. (4.15)—(4.16). The corresponding Penrose diagram is given by figure 3.

4.2 a>1b<-1

In this case, we find that

V;l(l)((b) < 07 V4(2)(¢) < 07

>0, x2>2/3
() — g =" X =2/ 4.22
Prm {<0, 2 < 2/3. (4.22)

Thus, unlike the last case, now both potentials V4(I)(q§) are negative, while the two dust
energy densities always have the same sign.
To study the solutions further in this case, we shall consider the two subcases, a >

|b| > 1 and |b] > a > 1, separately.
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Figure 3. The Penrose diagram for @ > 1, b > 1. The spacetime is singular along the straight line
AB and the curved lines APC and BQC.

4.2.1 a>-b>1

When a > —b > 1, we have

a — |b] <0, t>0
(I) _ I t: 7 7
=0 o] {>0,t<0,

a — [b] >0, t>0,
Xo—(a—[bP)t, 1V,
Xo— X — Xo—a(t—|bly), III, (4.23)
Xo+ | (t—ay), 1T, '
0, I.

Then, we find that the spacetime is singular along the line Xy = (a — |b|)¢ in Region IV,
and the line Xo = a (¢t — |bly) in Region /1], as shown in figure 4.
Before the collision (¢ < 0), the scalar field ¢(!) is constant on the 3-brane located on

the hypersurface 3 : t — ay = 0, so does the dust energy density p%). In contrast, both

the scalar field ¢ and the dust energy density pg) are time-dependent on the 3-brane
located on Y9 : t — |bly = 0, and the corresponding spacetime is described by eqgs. (4.15)
and (4.16) with n < 0. Note that along the hypersurface Yo, we have ®; > 0 for ¢t < 0, as
shown by eq. (4.23).

After the collision, the 3-brane along Yo transfers its energy to the one along >, so
that its energy density pg) and potential ‘/4(2)(@5), as well as the scalar field ¢(2), become
constant, while the energy density pﬁ,ll) and the scalar field ¢() become time-dependent.
Because of the mutual focus of the two branes, a spacetime singularity is finally developed at
T = 75, denoted by the point B in figure 4. Afterwards, the spacetime becomes also singular

along the line Xy = (a — |b|)t in Region IV and the line Xy = a(t — |bly) in Region I[I1.
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Figure 4. The five-dimensional spacetime in the (¢, y)-plane for @ > —b > 1. The two 3-branes
are moving along the hypersurfaces, 1 : t —ay = 0 and Xy : t — |bly = 0. The spacetime is singular
along the line AB in Region IV and the line BC in Region IT1. The spacetime is also singular on
the 3-brane at the point B where 7 = 7. The four regions, I — IV, are defined by eq. (3.8).

C

Figure 5. The Penrose diagram for a > —b > 1. The spacetime is singular along the lines AB
and BC.

It is interesting to note that these singularities are always formed, regardless of the signs
of p%) and pg). In fact, they are formed even when p%)(x2 =2/3)=0= pgg)(x2 =2/3),
as can be seen from egs. (4.7), (4.9) and (4.10). This is because the scalar field and the
potentials V4(I)(gz5) are still non-zero, and due the non-linear interaction of the scalar field
itself, spacetime singularities are still formed. The corresponding Penrose diagram is given

by figure 5.
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Figure 6. The five-dimensional spacetime in the (¢, y)-plane for —b > a > 1. The two 3-branes
are moving along the hypersurfaces, ¥; : t —ay = 0 and X3 : t — |bly = 0. The spacetime is singular
along the line AB in Region IV and the line BC in Region IT1. The spacetime is also singular on
the 3-brane at the point B.

4.2.2 —-b>a>1

When —b > a > 1, we have

|b] —a >0, t>0,
(I) = — t:
=0 o] <0, t<0,
|b] —a <0, t>0,
Palg, 0 = - PR >0, t <0,
Xo+ (|| —a)t, 1V,
Xo + bl (t —ay) ., 11,
0, I.

Then, we find that the spacetime is singular along the line Xo = —(|b| — a)t in Region IV
and the line Xy = (a — |b|)t in Region 11, as shown in figure 6.

Unlike the last case, now the 3-brane on >; starts to expand at the singular point
B where 7 = 7, as shown in figure 6, and collides with the one on s at the moment
7 =0 (t =0). After the collision, its energy density p%) the scalar field ¢®) and the dust
energy density pg) on Yo become time-dependent, and the corresponding spacetime is
described by egs. (4.15) and (4.16) with € (0, —00). The corresponding Penrose diagram
is given by figure 7.
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Figure 7. The Penrose diagram for —b > a > 1. The spacetime is singular along the lines AB
and BC.

>y

\ \
C\ N

Figure 8. The five-dimensional spacetime in the (¢, y)-plane for —a > b > 1. The two 3-branes
are moving along the hypersurfaces, X1 : t+ |aly = 0 and X5 : t+ by = 0. The spacetime is singular
along the line AB in Region I'V and the line BC' in Region I1. The spacetime is also singular on
the 3-brane at the point B where 1 = ;.

43 a<-1,b>1
In this case, we find that
v{D(¢) >0,

>0, x2<2/3
() — § =% X =2/ 4.25
Prm {<0, 2> 2/3, (4.25)

where I = 1, 2. Thus, in contrast to the last case, now both potentials V4(I)(gz§) are

positive, while the two dust energy densities always have the same sign.
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Figure 9. The Penrose diagram for —a > b > 1. The spacetime is singular along the lines AB

and BC.

4.3.1 —-a>b>1
When —a > b > 1, we have

la| — b <0, t>0,
Pilg,—0 = 1= >0, t <0,

By| ~lal=b, | >0, t>0,
2le=0 " T T T Y <0, t<o,
Xo+ (la] =0)t, IV,
X t+b 117
Xo—X: 0+|a|(+y)> )

Xo—b(t+laly), II,
0, I

(4.26)

Then, the spacetime is singular along the line X¢o = —(|a| — b)t in Region I'V, and along
the line Xy = b(t + |a]y) in Region II, as shown in figure 8. The corresponding Penrose

diagram is given by figure 9.
In this case, we also have

o) = [ B =l >0,
- 1
- In Xo, t<0,
Lln X, t>0
@ _ ) a 05 ,
- { sy by (s —n)l, <0,
__ 3

o) — [B(1s — 7)) 33+ 2, t >0,

m Xo_la t < 0’

) — X0, o t>0,

" [v(ns —n)] >*+2 . ¢ <0.
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Figure 10. The five-dimensional spacetime in the (¢, y)-plane for b > —a > 1. The two 3-branes
are moving along the hypersurfaces, X1 : t + |aly = 0 and Xo : t + by = 0. The spacetime is singular
along the line AB in Region IV and the line BC in Region 1. The spacetime is also singular on
the 3-brane at the point B where n = n;.

4.3.2 b>-—-a>1

When b > —a > 1, we have

o _b—lal, ] >0, t>0,
topmo = =1 = <0, t<0,
By| _ b—la|l, ] <0, t>0,
20=0 " T T T ) >0, t<O,
Xo—(b—lal)t, IV,
X, X = Xo+|a| (t+0by), 111, (4.28)
Xo—b(t+laly), I1.
0, 1.
We also have
_ —th(), t >0,
3X 5 B(rs—1)], t<O,
3X +2) (778_77)]’ t>0,
11nX0, t <0,
) t>0,
_ 3
ﬁTS—T 3X+2,t<0,
(2) — 7 773—"7)] 742 +2' t>0> 4.29
" {X ! t 0. (4.29)

Then, the spacetime is singular along the line Xy = (b — |a|)t in Region IV, and along
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Figure 11. The Penrose diagram for b > —a > 1. The spacetime is singular along the lines AB

and BC.

the line Xo = b (¢ + |aly) in Region I1, as shown in figure 10. The corresponding Penrose

diagram is given by figure 11.

44 a<-1,b< -1

In this case, we have

v () <0, V(e) >0,

>0

1 _J =

" {<0’

>0

2 _ )] =%

2 {>0’

and
la| + [b]
Q)l|¢2:0: —=

0]

X2 >2/3,
x2<2/3,"

x? <2/3,
x? >2/3,

>0, t>0,
<0, t<0,

q)2|<1>1:0

Xo— X

\a!+\b\t_{>0, t>0,
|al <0, t<0,
Xo+ (la| +[p))t, IV,
Xo + |a| (t — |bly), III,
Xo + 10| (t + |aly), II,
0, I

— 22 —
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Figure 12. The five-dimensional spacetime in the (¢, y)-plane for a < —1, b < —1. The two
3-branes are moving along the hypersurfaces, 31 : t + |a|y = 0 and X5 : ¢ — |bly = 0. The spacetime
is free of any kind of spacetime singularities in the four regions, I — IV, as well as on the two
3-branes.

Then, we find that

oM (r) = a(3X12+2) In[B(rs —7)], t>0,
11n X, t <0,
52 () = G (s =), >0,
L In X, t <0,
__ 3
(1) [B(rs —7)] »*+2, ¢ >0,
" X5 t<0,
__ 3
2) _ ) [y(ns —m)] 332, >0,
@ = {X01 £ 0. (4.32)

Note that in the present case, after the collision ¢ > 0, we have 7, n < 0. Thus, in this case
the spacetime is free of any kind singularity in all the four regions, as well as on the two
branes, as shown in figure 12. The corresponding Penrose diagram is given by figure 13.

It is interesting to note that when y? = 2/3, the dust fluid on each of the two 3-
branes disappears, and the branes are supported only by the tensions, where the brane
along 7 has a negative tension, while the one along Y5 has a positive tension. It is also
interesting to note that, when x? # 2/3, both dust fluid are present, but they always have
opposite signs, that is, if one satisfies the energy conditions [21], the other one must violate
these conditions.

5 Colliding 3-branes in the 5-dimensional string frame

The spacetime singularity behavior in general can be quite different in the two frames, due
to the conformal transformations of eq. (2.9), which are often singular. The 5-dimensional
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Figure 13. The Penrose diagram for a < —1, b < —1. The spacetime is non-singular in all
the regions.
spacetime in the string frame is given by

32 = ygpdr®da® = 2V (dt? — dy?) — > (W) g5, (5.1)

where d¥33 is given in eq. (3.1), and

a(t,y) = <x2—6\/gx— é) In (Xo — X),
w(t,y) = (% —q/%x) In (X — X),

N 3
¢(t’y) = (XO - X)e 20 Xa (52)
where € = +1.

5.1 The spacetime singularities in regions I — IV

To study the spacetime singularities in Regions I — IV, let us consider the quantity,

PN 3x’B
Ga0" = : (5.3)
20 (X — x) 3 (Ve )

where B is given by eq. (4.8). Comparing the above expression with eq. (4.7), we find that

the spacetime in Regions I — IV is singular in the string frame whenever it is singular
in the Einstein frame, although the strength of the singularity is different, as can be seen
clearly from the following expression,

QO%TfM — (X - X)WE (5.4)

In particular, if ea > 0 the singularity in the Einstein frame is stronger, and if ea < 0 it is
the other way around.
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5.2 The spacetime on the 3-brane ¢t = ay

On the hypersurface ¢ = ay, the metric (5.1) reduces to

ds3|,_,, = 47’ — aj (7) d3, (5.5)
where
A
— d
au(7) = {ao (Zs )7, @2>0,
aopTs Py < 0,
~ 6(723_72) 5 q)2>0,
Dy —
GO S (5.6)
(B) V" @<,
with
: :
xox ) [BG-D]T @20,
Xo, dy < 0,
a+b ~  la(a+ D)
) t = 0
2’@1:0 a ) ﬁ a2 1 )

A =

(5-/5) 57

Note that in writing the above expressions, we had chosen €; = sign(a + b). To study the
spacetime singularity on the brane, we calculate the Ricci scalar, which now is given by

A2-A
pax _ 3 ( )

u AT 2aq (75 — 7A_)AJF2’ (5.8)
where
2
A—|—2:% 2<6X— g) —|—% > 0,
1 5 ’ 19
A_2:_5 2<6X— 4_8> +ﬂ < 0. (5.9)

5.3 The spacetime on the 3-brane t = —by

Similarly, on the 3-brane located on the hypersurface ®; = 0, the metric (5.1) reduces to

ds3|,__,, = di* — ag () d33, (5.10)
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where where

AN aO(ﬁS_n)A7 ¢1>O,
ay(n) = AA
aons I ¢1 < O,
[ Gy = VIS, @1 >0
22) (4 YMs =7 , P1>0,
<l5( )(77) = Se 5 x (5.11)
(’A)/ﬁs) 206 s (I)l < O,
with
1
X, — x® = J [ (s = )7, >0,
X07 ¢1 < 07
atb . _ la(atb)
is = 471X, (5.12)

but now we have ag = 42 and €; = sign(a + b). For the metric (5.10), we also find that
@x _ 3A(2—-A)

From egs. (5.8) and (5.13) we can see that the spacetime on each of the branes is not

(5.13)

singular when A =0 or x = €4/ %. As a matter of fact, in this case the spacetime on each

of the two branes is flat. Thus, in the following we need to consider only the case x # e\/% .

From egs. (5.6)—(5.9) and egs. (5.11)—(5.13), it can be shown that the spacetime singu-
larities on each of the two branes are similar to these in the Einstein frame. For example,
for the case a > 1, b > 1, it is singular at 7 = 75 and 7 = 7, which correspond to,
respectively, the point A and B in figure 3. Similarly, the spacetime is free from any kind
of singularities for the case a < —1, b < —1, and the corresponding Penrose diagram is
also given by figure 13.

6 Colliding 8-branes in the 10-dimensional spacetimes

Lifting the metric to 10-dimensions, it is given by eq. (3.1), which can be cast in the form,

ds?y = Yapdada® + ¢? (2°) Yig <zk) dztdz?

= 200V (42 — dy?) — 22V asg — §7 (t,y) d22, (6.1)
where 6, @ and qAS are given by eq. (5.2), and d¥%? = Z?j:l Nij (zk) dz'dzI. Then, it can
be shown that the spacetime in Regions I — I'V is vacuum,

A
R =o, (6.2)
where A =1,...,IV as it is expected. To study the singular behavior of the spacetime in

these regions, we calculate the Kretschmann scalar, which in the present case is given by

0
RABCD — B2I£O) (63)

(Xo — X)(QX*\/QQ% |

Iio = RaBep
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where B is given by eq. (4.8), and

1 5
10 = — | (720x5 + 1287* + 200> + 40) — 3126\/;(3 (2+3x%) |- (6.4)

10_45

It can be shown that I fg) is non-zero for any given x. Then, comparing the expression of
eq. (6.3) with eq. (4.7), we find that the lifted 10-dimensional spacetime has a similar sin-
gular behavior as that in the 5-dimensional spacetime in the Einstein frame. In particular,
it is also singular on the hypersurface Xg — X = 0.

On the hypersurface t = ay, the metric (6.1) reduces to

2|, _,, = di* — a2 (7) A} — 02 (7) dx2, (6.5)

where a, (7) and b, (7) = ¢ (7) are given by egs. (5.6) and (5.7). On the 8-brane, the
Einstein tensor has distribution given by egs. (A.8) and (A.9). Inserting eq. (5.2) into
eq. (5.7), and noticing that Y =ln <<£>, we find

. b(a®-1)

Pu = [XO — X(l)(t)]w

L, b(a2-1) 1\ 2
pg__[XO—X(l)(t)]“ (X_e 1_5> 5|

. b(a® —1) 1

p“X:_[XO—Xu)(t)]“ <X2+§>’ (6.6)

where X () (t) is given by eq. (5.7), and

2
5 1
=2 y—e/ > y 6.7
L (x € 48> +3 (6.7)

Clearly, whenever Xy — X m(t) = 0, the spacetime on the 8-brane is singular.
On the hypersurface t = —by, the metric (6.1) reduces to

= diy’ — a3 () dXg — b2 () dX2, (6.8)

a2
d$5 t——by

where a, () and b, (7)) = ¢® (4) are given by egs. (5.11) and (5.12). On this 8-brane,
the Einstein tensor has distribution given by egs. (A.11) and (A.12), which in the present
case yield,

e -1)
Pv = [XO_X(Q)(t)],U«7

L, a(®-1) \° 2
p”Z__[XO—X@)(t)]“ (X_e 1_5> 5|
 a®-1) 1

b = - [Xo — X@(1)]" <X2 i 5) ’ o)
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where X®)(t) is given by eq. (5.12). Thus, the spacetime on this 8-brane is also singular
whenever Xy — X®)(t) = 0.

When a > 1 and b > 1, from egs. (6.6) and (6.9) it can be shown that both of the weak
and dominant energy conditions [21] are satisfied by the matter fields on the two 8-branes,
provided that

_L<X<\/E €= 41
— — 37 )
\/12 ) (6.10)
“\V3SXS g =1

but the strong energy condition is always violated. When a > 1 and b < —1, the matter
field on the 8-brane ®; = 0 violates all the three energy conditions, while the one on
the 8-brane ®5 = 0 satisfies the weak and dominant energy conditions, provided that the
conditions (6.10) holds, but violates the strong one. When a < —1 and b > 1, it is the
other way around, that is, the matter field on the 8-brane ®; = 0 satisfies the weak and
dominant energy conditions, provided that the conditions (6.10) holds, but violates the
strong one, while the one on the 8-brane ®s = 0 violates all the three energy conditions.
When a < —1 and b < —1, the matter fields on the two 8-branes all violate the three energy
conditions. However, in all these four cases, the spacetime singular behavior is similar to
the corresponding 5-dimensional cases in the Einstein frame. In particular, in the first
three cases the spacetime in the four regions and on the 8-branes are always singular, and
the corresponding Penrose diagrams are given, respectively, by figures 3, 5, 7, 9, and 11,
but now each point in these figures now represents a 8-dimensional spatial space. In the
last case, in which the matter fields on the two 8-branes violate all the energy conditions,
the spacetime is free of any kind of spacetime singularities, either in Regions I — I'V or on
the two 8-branes, and the corresponding Penrose diagram is given by figure 13. Therefore,
all the above results seemingly indicate that violating the energy conditions is a necessary
condition for spacetimes of colliding branes to be non-singular.

7 Conclusions

In this paper, we have first developed the general formulas to describe the collision of two
timelike (D-1)-branes without Zs symmetry in a D-dimensional effective theory, obtained
from the toroidal compactification of the Neveu-Schwarz/Neveu-Schwarz (NS-NS) sector in
(D+d) dimensions. Applying the formulas to the case D =5 = d for a class of spacetimes,
in section 3 we have obtained explicitly the field equations both outside and on the 3-
branes in terms of distributions. In section 4, we have considered a class of exact solutions
that represents the collision of two 3-branes in the Einstein frame, and studied their local
and global properties in details. We have found, among other things, that the collision in
general ends up with the formation of spacetime singularities, due to the mutual focus of
the colliding branes, although non-singular spacetime also exist, with the price that both
of the two branes violate all the energy conditions, weak, strong and dominant. Similar
conclusions hold also in the 5-dimensional string frame. This has been done in section
5. In section 6, after lifted the solutions to 10-dimensional spacetimes, we have found
that the corresponding solutions represent the collision of two timelike 8-branes without
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Zo symmetry. In some cases the two 8-branes satisfy the weak and dominant energy
conditions, while in other case, they do not. But, in all these cases the strong energy
condition is always violated. The formation of spacetime singularities due to the mutual
focus of the two colliding branes occurs in general, although the non-singular cases also
exist with the price that both of the two branes violate all the three energy conditions.
The spacetime singular behavior is similar in the 5-dimensional effective theory to that of
10-dimensional string theory.

In this paper, we have ignored the dilaton ® and the three-form field Hape. It would
be very interesting to see how these fields affect the formation of the spacetime singularities.
In addition, it would also be very interesting to see what might happen if the branes are

allowed to collide more than one time.
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A Gravitational field equations in the 10-dimensional bulk and on the
8-branes

For the metric,

33y = XY (at* — dy?) — >V dsE — ¢? (t,y) dE2, (A1)
where
4 5 5
dxi = Z (dzP)?, dx?= Z (d=")", (A.2)
p=2 i=1

the non-vanishing components of the Einstein tensor are given by,
G = 304 (6 @) + 50 (4 30 + 204 ) — 30y — 5y — 150 (@ + 1y )
6, (30, + 50, ) - 622,
Ggm = =30y — 51y +3 (640 y + G404 — D40y) +5 (&,tlﬁ,y + oy — by ),
GO = =800 — 5y — 150 (D0 + D) + 60 (300 +54) — 623 + 3, (6, + )
50y (8 + 30, + 20,y
GO = 8pg€@™) (G + 20y + 50y + 50y (20, + 30, ) + 357
- <5,tt + 2w 4 + 57/3,1515 +3<1J72t + 51&,1& <2<D,t + 31&1&))} ;
Gy = 5@']‘62(1&7&) [&vyy + 3w yy + 41[’,yy + 27[’,11 <6d)7y + 57[’,y> + 6&)72?4

ij
- <5,tt + 3w 4t + 47/3,1515 —10 1&% + 6w ¢ <@,t + 27/3,15) ﬂ ; (A.3)

where p, ¢ =2, 3, 4and i, j=1,..., 5, andqﬂzln(&).
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A.1 Field equations on the hypersurface ®; =0

Following section 3.2.1, it can be shown that the derivatives of any given function F'(¢,y),
which is C° across the hypersurface ®; = 0 and at least C? in the regions ®; > 0 and
®; > 0, are given by eq. (3.32) but now with N being replaced by N, and n, and u, by,
respectively, n, and ., where

fa = N (6% — ad?) ,
Gq = N (adl —3Y),
&5
N=_° (A.4)
= 1)1/2. )
Hence, eq. (A.3) can be cast in the form,
GO0 = G (@) + GUDT (1 — H (@) + GUP™6 (81), (A.5)

where G(il?)Jr (G(it?)_) is the Einstein tensor calculated in the region ®; > 0 (®; < 0),

and G(ig)lm denotes the distribution of the Einstein tensor on the hypersurface ®; = 0,
which has the following non-vanishing components,

G(tltO)Im a’N (3 [On]” +5 {zpn]_> ,

GUI = —aN (3 [n] ™ +5 [wn} ) :

10)Im \ ~
G(yy) =N ( Wpl” +5 [T/Jn} ) )
m o) T
Gz()lqo)l = —0pN 7' < - +5 [¢n] >,
10)Im 1 2™ N
Gz(j ) = 5ZJN ! Zw ( - +4 [wn} ) (A'ﬁ)
Introducing the unit vectors,
X®) = Wgp 70 = Vi (A7)
we find that eq. (A.6) can be cast in the form,
4 5
GO = ity | puttatn, + 5 S XP X + 523 2027 | (A8)
p=2 ‘
where
1 R
Au = — 3 d}n - + 5 n ,
= (31 +5[4.] )
1 o1 —
~X A= A
u T On) +2wn] +5 ¢y )
P = g (P 2 5 [6] )
pZ = 1 <[ef |~ +3[w ]+4[ﬂ>. (A.9)
w NK%O n n n

,30,



A.2 Field equations on the hypersurface ®; =0

Similarly, it can be shown that, crossing the hypersurface ®3 = 0, eq. (A.3) can be cast in
the form,
Guy) = Gl H (@2) + G [L— H (€2)] + G016 (), (A.10)

ab a

but now G%]H <G(01L£)7> is the Einstein tensor calculated in the region ®5 > 0 (P2 < 0),

and G(ig)jm denotes the distribution of the Einstein tensor on the hypersurface &5 = 0,

which can be written in the form,

4 5
GO = K3y | potate + 0% > XPXP + 52> 2070 | | (A.11)
p=2 i=1
where
1 71—
by = = 3[@]”+5 ,
f (3er s [a])
1 7=
X .
b = = ol +2|w) +5 ,
P = g (1o w2 45 [0 )
7 1 L L "1
by = =5 (o] + 3w +4[wz} : (A.12)
Lkf,
and
XP = ePon Z0 =,
lo = L (0 +06Y), =L (bS,+6Y),
~ 66(2)
L= 7(62 1)1/2. (A.13)
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